Abstract: Systematic sampling on real line (R) when using the different probes is very attractive method within which the biomedical imaging is consulted by a surgery, etc. This study is an extension of [16] , and an exact calculation method is proposed for the calculation of constant λ q of confidence interval for the systematic sampling. If the smoothness constant q of measurement function (MF) is estimated to be enough small mean square error, we can make the important remarks for the design-based stereology. The MF is occurred by slicing the three dimensional object systematically. The systematic design is used as a method to get the quantitative results from the tissues and the radiological images. Synthetic data in systematic sampling principle can support the results of real data. The currently used covariogram model proposed by [28] is tested for the different measurement functions to see the performance on the variance estimation. The exact value of constant λ q is examined for the different measurement functions as well.
Introduction
The important improvements in non-invasive scanning techniques, such as X-ray, computed tomography, magnetic resonance known as medical imaging tools, support to explore and apply the stereological methods. Magnetic resonance imaging is an important tool for the imaging of human body. The main aim at imaging of human body is to understand deeply the structure, function, life cycle and diagnosis of a disease, an evaluation of treatment. Making a right decision is an important step for these reasons given above. A researcher wants to estimate not only the variance of systematic sampling but also construct the confidence interval of volume parameter Q in order to check whether a tumor, cerebral hemorrhage, etc have exceeded a specific threshold.
The systematic sampling is used as a design-based approach for estimating a parameter Q of a geometrical quantities, such as volume, area, surface area, length [13, 16, 17, 23, 31] . In systematic sampling principle, stereological objects are sampled with probes, such as lines, regular grid, or designed patterns. The probes superimposed on the stereological objects are tools for us to get the quantitative values of geometrical quantities. The chosen design is an important step to have unbiased estimates for the geometrical quantities. The regular systematic sampling design is used at most of time, because it is widely accepted design for estimating the parameter Q. From the statistics, we know that if we have a sampling on parameter Q, we will have the estimated values for this parameter for each replication of sampling. It is surprisingly nice that the estimated values of each replication for the sampling on the geometrical objects produce a fluctuation. This fluctuation is modelled by Fourier transformation technique proposed by [27, 28] . To show the mathematical discussion of the Matheron's theory, a brief introduction is expressed by Section 2. Since we have the estimated values, the variance estimation is needed. For the one-dimensional systematic sampling (also known as Cavalieri sampling), previous studies have shed some light on the variance estimation of the one-dimensional systematic sampling, such as [8, 15, 18, 19, [24] [25] [26] 29] . Main source in these studies is of inspiration in Matheron's theory. Matheron proposed his covariogram model intuitively. In this study, we aim to focus on testing the performance of this covariogram model for the different measurement functions proposed arbitrary by us. No study has been addressed the performance evaluation of the covariogram model for the different measurement functions.
As implied by the previous paragraph, we have the estimated values for the parameter Q. The variance estimation has been tried to accomplish, however the confidence interval for the estimated values was studied by [16] . [16] proposes two approaches for the coefficient of confidence interval in the statistical inference. The first one is based on the statistical theory. In this study, the second proposition of [16] is examined and our aim is to find a calculation method for the constant λ q given in [16] . It is nicely said that an exact calculation method to evaluate the constant λ q is considered, so we will have more accurate information for the confidence intervals. We will test the performance of the covariogram model for the different measurement functions at same time for our exact values of the constant λ q , because the direction of the sampling axis produces the different measurements function, depending on the the shape of 3−dimensional objects, such as ellipsoidal, quasi-ellipsoidal, star-like, etc, as implied by [16] .
The true variance, the empirical true variance, the variance approximation, and the confidence interval for systematic sampling on R with variance approximation formula are introduced briefly, because some tools will be used to evaluate the exact value of the constant λ q . The connection between measurement function approach done by [15] and Matheron's transitive theory based on the Fourier transform is given in [15] . In this study, tools will be used and we introduce briefly the results of these two approach, finally, a proposition is offered to find λ q exactly.
Since the true measurement function is not known, we do not get the true variance of systematic sampling on R. The variance approximation known as a variance extension term is given in the two forms coming from Fourier transformation basically given in [8] and the properties of measurement functions. Some definitions expressed in [15] and [16] will be given to get the values of constant λ q in the section of confidence interval. As a conclusion, we attempt to give a proposition for the confidence interval and the suggestions for researchers who work the application field of design-based stereology and biomedical imaging.
The organization of the paper is the following form. Section 2 introduces the materials in the systematic sampling and describes the exact calculation method for constant λ q as well. A simulation study and real data examples are given at Section 3. A section 4 is considered for the discussions on results.
Materials and Methods

Exact and Empirical Variance of Systematic Sampling on R and its Approximation
The object which will be estimated is a volume parameter Q of a fixed, bounded, nonvoid with piecewise smooth boundary of finite surface area Q S , except fractals. Volume estimation with Cavalieri planes called the measurement function f is also known as the systematic sampling on R,
(1)
T is a constant distance among the sections obtained from three-dimensional object. u is an uniform random variable in the interval [0, T).
The problem is about predicting
The empirical true variance of systematic sampling on R is calculated by the formula given below,
3 of 20 where m is the number of resampling for the systematic sampling on R.Q r is an estimated value at a random starting point for u for the volume. Q is the exact value for the area under the measurement function.Q is the estimator of Q [6, 7, 32] . The empirical true variance of systematic sampling on R is
The empirical true coefficient of error is calculated by
In the simulation section, Eq. (4) is used to test the performance of variance approximation formula in Eq. (23) . The true variance is calculated by a formula given below. A calculation of the true variance by means of Eq. (5) is intractable (see [8] for more details).
where
is a covariogram function of the measurement function f . It is proposed by Matheron's transitive theory and is known to be convolution of f with its reflection,
Some measurement functions are used to represent the biological objects very efficiently. They are given with following forms and the function f has positive values for each values of variable x, namely f : R → R + , q is a smoothness constant.
and
f (x) = (5/112)(−54x
They represent the area measured on an each slices of the three dimensional object. The measurement functions in Eqs. (8) and (11) are used by [15, 21] . Since the covariogram function g of measurement functions which represents the biological objects, etc. can not be calculable to get the integral values, a model for the covariogram function of them should be proposed. In this sense, g can be modelled by a polynomial with the fractional power,
Eq. (12) is defined to be a covariogram model. The true variance comprises from three components which are the variance extension term, Zitterbewegung and the higher-order terms, respectively. These terms were gotten in García-Fiñana & Cruz-Orive [15] (see section 6 for detailed expressions). Now since g is the convolution of f with its reflection,
where G(0) comes from the properties of covariogram function (Detailed expressions are given in [8] ). The variance extension term of systematic sampling on R is obtained by using the formula given in Eq. (9.1) and Eq. (9.2) in the study of Cruz-Orive [8] as follow,
which is the Fourier transformation of h j .
By using Eq. (13) and Eq. (14), Eq. (15) can be found.
Eq. (16) is gotten according to Fourier transformation basically given in [8] .
Eq. (18) is found according to the refined Euler Mac-Laurin which can be used to approximate integrals by finite sums. It is given in [15] . Note that Eq. (16) and Eq. (18) give same results.
The Formula of Smoothness Constant q
The formula of smoothness constant q is proposed by [15] . In the subsection, we will get it in the framework of Fourier transformation. The same formula for q is obtained. The covariogram model g can be declared by integer k values. If h = iT is near zero, Eq. (7) has more information. By using Eq. (15),
can be obtained. By using Eq. (19) and Eq. (20) ,
is obtained and then
where, k = 2, 3, .... can be obtained. By using Eq. (17),
the estimatorq is gotten when the measurement function is obtained by planimetry.
We calculate the estimated coefficient of error for the systematic sampling on R by means of Eq. (23) given below,
This is defined to be a coefficient of error of Matheron's covariogram model. Eq. (6) 
) and (5/112)(−54x 4 − 25x 3 + 48x 2 + 25x + 6) measurement functions will be obtained at the simulation section. [2] [3] [4] [5] 17, 19, 20, 22, 23, 30, [32] [33] [34] [35] currently used this model for the different measurement functions. We aim to show the performance of the covariogram model for the different measurement functions. In other words, the capability of fitting performance on the different measurement functions is tested, so the information gained is displayed by the simulation results. The simulation results for the estimation of the smoothness constant formula is given into appendix section.
Confidence Interval in Systematic Sampling on R
The variance of Cavalieri sampling changes with a fractional power of T [15, 16] . It is given that the behavior of the variance of the Cavalieri estimator is strongly connected to analytical properties of the measurement function f . An aspect coming from Matheron's transitive theory is given in [8] . That there is a fractional power for T is not pointed out by [25, 26] . [15] is an extension of [25] .
We will give an exact calculation of λ q found in a generalized version of the refined Euler Mac-Laurin summation formula with a fractional power of measurement functions to be smoothness constant q. A brief introduction, and some definitions will be given for the smoothness conditions of measurement function f to get the formulae of λ q for confidence interval.
A bounded interval for the difference (Q − Q) defined a generalized version of the refined Euler Mac-Laurin summation formula is
∆ ∈ [0, 1) and β ∈ [0, 2π] (For detailed expressions, see [16] ). The preliminaries were given. Now, we will use the tools in [16] . After some straightforward calculation, the formula of λ q will be obtained in the following steps.
By means of Cauchy Schwarz inequality (∑
, where
When Eq. (25) 
is obtained. Eq. (29) given in [15] is (29) is written in the Eq. (28), Eq. (30) is obtained.
λ q is a function of q and N. In the following steps, we will give a definition for the function P k,T in [1]. The function P * q+1 is required to apply Theorem 2.1. From Eq. (30), for true parameter Q a bounded interval (or 100% confidence interval) is given as [15, 16] 
The equations to get the values of constant λ q are given below [1,15],
We will give the following theorem to get the values P * q+1 exactly.
Theorem 2.1. (a + h) = lim
Supposing that we have a right-open side interval [a, b), the maximum value of the interval is lim
In order to calculate P * q+1 exactly, ∆ is replaced with 1 − h. When h → 0, we get the result:
Now we can explain how to get the values of constant λ q below. When N and P 2q+2,T (0) given in the Eq. (31) are replaced with 2 and the Eq. (34), respectively, we get an equation,
The codes written in Mathematica 7 or higher versions 8 and 9 do not compute the value of λ 0 and gives infinity. So, for the calculation of q = 0, we use Eq. (36) in order to get the result.
By means of Eq. (35), we get λ 0 :
For q = 0.1,
is gotten. For other q values, similar procedure is proceeded. By using the formula given in Eq. (31) , the values at Table 1 are obtained for N = 2, N = 3 and N = 4 [12] .
It is attested that lim h→∞
(1 − 1/h) and lim h→0
(1 − h) give the same values for λ q , which is used to define the right-open side interval. Moreover, in order to construct the confidence interval, [14, 16, 17] . We got the values of λ q for different q values by using the exact calculation approach calculated via the Mathematica 7 or higher versions 8 and 9. One can get the values of constant λ q for the different q values with N = 2, N = 3, and N = 4.
When the number of sequence in codes revised is increased, the computational values convergence the values calculated by the exact approach (see Table 1 and Table 2 ). Because the getting of computational λ q values for N = 2 would be unlikely to be useful, we give up computing some of them. Seq i : The number of sequence increased by an user, i : 1, 2, 3, 4.
Results
This section will give the simulation results for the estimation of smoothness constant q in variance formulae in Eq. (23) . Together with the estimated q with k = 2, it is planned to see whether or not the confidence interval includes the true volume value for the approximate variance based on Matheron's covariogram model (CEMC) and empirical true variance (ETCE) estimations as well. Real data examples are given to test the performance of confidence interval.
Simulation
In the simulation performed, the number of resampling is 3000 and the number of systematic sampling on R is 20 for the measurement functions in Eqs. (8)- (11) .
As implied by p.31 into [8] , it is obvious the changing of measurement function affects the variance extension term given in Eq. (15), which leads to confidence level is more accurate. The covariogram model in Eq. (12) can be adopted for the general measurement functions. The simulation results in Tables 5 − 16 show that the model can be used for the measurement functions given in Eqs. (8)- (11) even if they are not the true covariogram function of them. It can be said that the model is a good approximation for the covariogram functions of the measurement functions. Note that the integral of function in Eq. (9) is computed by means of the numerical integration with in MATLAB 2013a, but the integral of function in Eq. (8), (10) and (11) are computed by means of the 'int' function which is a function for the exact calculation of integral in MATLAB 2013a. N in λ q is taken to be 2.
It is interesting that the covariogram model in Eq. (12) is proposed and it can be a good approximation for the covariogram function of f in Eqs. (8) - (11) . We want to use it to be able to check the performance of covariogram model in Eq. (12) . The estimation of q can be said an open problem for the the measurement functions in Eqs. (8)- (11). It is observed from the simulation results that the performance of the smoothness constant q formula depends on the covariogram model in Eq. (12), proposed by [27, 28] .
It is seen that Eqs. (10) and (11) does not have the smoothness constant q parameter, but we want to estimate it to get the values of variance estimation precisely for the measurement functions without parameter q. The true parameter values are accepted to be q = 0.95, q = 0.9, respectively, because the estimated values of q parameter is around those values.
The theoretical percentage was 100. In this sense, the confidence interval includes the true volume as a percentage 100; but according to the empirical true variance, the percentage can not be 100. We can say that the empirical true variance can include the true volume values (Q) satisfactorily. Finally, the simulation supports the theory. The fluctuation of ETCE is expected results which occur when the idea of systematic sampling in Eq. (1) is used. CEMC can be good approximation to ETCE, and so the percentage of them, PEMCE and PETCE, can be thought to have similar values, which shows the our investigation on the performance of λ q values would be reasonable. In other words, when we look at the performance of confidence interval as to including the true value, we should focus on PCEMC and PETCE must give similar results together. In this point, the trustiness of confidence interval is acceptable, because the PETCE is at least 95 approximately.
The estimated values for the measurement function in Eq. (8) with q = 0.4 and q = 0.8 and also Eq. (9) with q = 0.4 and q = 0.8 would be around the true parameter values. It is seen that the covariogram model in Eq. (12) could not be representative for the covariogram functions for these q values of the measurement function in Eq. (8) . However, when it is thought on the performance of variance estimation, the variance estimation for the systematic sampling of Eq. (8) gives the satisfactorily results. The measurement function in Eq. (9) could not be represented by the covariogram model in Eq. (12) . However, for the variance estimation on systematic sampling of Eq. (9), it is seen that satisfactory efficient results are produced by the covariogram model in Eq. (12) . The efficiency for the systematic sampling of measurement function in Eq. (10) is not as good as that in Eq. (11) .
As a final comment, this model can be used. However, the proposed measurement functions, such as Eqs. (8) - (11), should be systematically sampled so that one can get the more precise decision on the application for the biomedical imaging. CEMC, ETCE, PCEMC and PETCE are the abbreviations for the coefficient of error of Matheron's covariogram model, the empirical true coefficient of error, the percentage for coefficient of error of Matheron's covariogram model and the percentage for empirical true coefficient of error, respectively. Var(q) and MSE(q) are the simulated variance and simulated mean square error of the estimatorq, respectively. n is the number of systematic sampling. 
Real Data
Five different sheep brain which were 12-18 months old were removed from the their skull via the craniotomy in the laboratory for anatomy. These brains immersed in formalin (5%) for 10 days. Brains scanned with standard T2-weighted 0.5 tesla MRI in the coronal plane with 5 mm slice thickness. The real volume of each brain was obtained by using the Archimedean principle repeated in 6 times. The mean of 6 results for each brain was used as an exact volume of a brain. They were estimated by the slices in coronal plane. The results are given in Tables 3-4 . The area values of each slice obtained from the coronal axis are depicted at the figure 3. In table 4, when q with k = 2 is taken, the confidence interval includes the true volumes of each non-vivo brains. For brain 2, the volume value is included by the confidence interval. It is seen that estimating accurately the parameter q affects the variance estimation and the confidence interval as well. For this reason, λ q values for N = 2, 3, 4 in Table 1 are computed, however, the simulation results show that N = 2 should be taken. Tables 3-4 show the true volume (Q), the estimated volume (Q), the estimated smoothness constant (q), the estimated coefficient of error (ĉe), the lower bound of the estimated volume (Q lower ),the upper bound of the estimated volume (Q upper ) and the number of sections (Num. Sec.).
Conclusions and Discussions
In this study, a method showing how to calculate constant λ q is proposed. It is expected that this method can be used as a new tool in Mathematics when it is needed. A program written in MATLAB 2013a package give the lower and upper levels of confidence and the values of quantitative values of stereology when the data obtained from a single replication is supplied. The program can be supplied on a request. The estimation of q is open problem even if we know the exact form of the measurement functions. In other perspective of our discussion, the covariogram model can not be so good approximation for the measurement functions. However, when we make a comparison between CEMC and ETCE, CEMC can be regarded as a good approximation to ETCE for each the number of sampling.
As implied by [10, 14, 15] , the estimation of q is important to avoid the biasedness of the variance of systematic sampling on R. A numerical computation for the constant λ q of confidence interval for the systematic sampling was done by [10] . The more precise values of the constant λ q means the more precise confidence interval. It is obvious that the exact calculation proposition should be preferred, because the computation of the constant λ q proposed by [10] is not as good as the results displayed by Tables 1 and  2 . The [8, 15, 18, 19, [24] [25] [26] 29] studies focused on the variance estimation for the systematic sampling. In this study, we proceed the same steps especially inspired from Matheron's theory, however the covariogram model in Eq. (12) can be thought to pass testing on the performance evaluation when we cross checking with ETCE.
For the real data, since the measurement functions used can not be represented by exactly similar manner, we should prefer to use different N values. Eq. (22) can produce the negative estimatedq values for the area function of real data given in figure 3 . The constant λ q values for different N values must be given, because the real data shows that we can need constant λ q values with the different N. The Mathematica codes which are used to get the λ q values can be sent on a request.
It is observed that the synthetic data generated from a class of exact measurement functions can approve the real data for non-vivo brains when the real data have an exactly similar form with the synthetic data. Generally, the covariogram model in Eq. (12) gives the satisfactory results for the measurement functions used in this study. However, the proposed measurement functions should be systematically sampled while conducting a research on the biomedical imaging to increase the information in the decision rule. 
